ON WEIGHTED POINCARE INEQUALITIES 
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Abstract. The aim of this note is to show that Poincare inequalities imply corresponding 
weighted versions in a quite general setting. The proof is short and does not involve covering 
arguments. 

o 

(N 

O" 1. Introduction 

o; 

Let (X,p) be a metric space with a positive a-fmite Borel measure dx, we will write \E\ 
j E dx for the measure of a Borel set E C X. We fix some point x G X and set B r = {x G 

<[ * = = <r>. 

^ " We call a function (p : B\ — > [0, oo) an admissible weight, if is a radial function, i.e. 

<p = <&(p(-,xq)) and its profile $ is nonincreasing and right-continuous with left-limits. We 
assume that <p is not identically zero on Bi \Bi/ 2 . 



For any admissible weight <fi there exists a positive, non-zero cr-finite Borel measure v on 
>• " (~, 1], such that 

in: 

(N- r 1 r 1 — 

(1) 00)=/ u(dt)= X B t (x)v(dt), xeB x \B 1/2 . 

Jp(x,x )Vl/2 Jl/2 



(Note that we put K^) := L b] fit) v{dt). 



On; 

For a function w we denote by 

^ ■ Ue = \e\ j U ^ dx 

the mean of w over the set E, and by 

m = J E u{x)(j){x)dx 
E I E <K x ) dx 

the mean of u over the set E d Bi with respect to the weight function 
Our main result is the following: 
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Theorem 1. Let 1 < p < oo and let (p be an admissible weight with (f> = &(p(- , xq)) . Let 
F : L P (X) x (|,1] — > [0, oo] be a functional satisfying 

(2) F(u + a,r) = F(u,r), a G R, 



(3) / \u(x) - u Br \ p dx < F(u,r), 

J B r 

for every r G (|, 1] and every u G L P (X). Then for M = $^1/2) 

(4) f \u{x) - u Bl \ p (f)(x) dx < M [ F(u,t)u(dt) 

J B 1 ' J 1/2 

for every u G L P (B\), where v is as in ([T]). 

By choosing the functional F appropriately, (jlj) becomes a Poincare inequality with weight 
4>, see Section [3] Such inequalities have been studied extensively because of their importance 
for the regularity theory of partial differential equations, see the exposition in [5]. 



2. Proof 

Lemma 2. Let Q be a finite measure space and p > 1. Assume f G L P (Q) with f n f — 0. 
T/ien 

||/ + a||Lp(n) > sll/ll^n) 

/or every a G R. 

Proof. We may assume a > 0. Then 

f \f + a\ p >[ \f\ p and f \f + a\ p >2- p [ \f\ p . 

inn{/>o} ^nn{/>o} Jnn{f<~2a} Jnn{f<~2a} 

Furthermore, since J nn{fm \f\ = J nn{f>0} I f\, we obtain 

/ \f\ P <(2ar 1 [ \f\<(2a) p - 1 [ \f\<2 p ~ 1 [ \f + a\ p , 

inn{-2a</<0} jnn{-2a</<o} ./ftn{/>0} inn{/>0} 

where we use a p ~ l b < (b + a) p_1 (& + a) for positive a,b. Combining these observations we 
obtain the result. □ 

Proof of TheoremQl First we observe that it is enough to prove that 
(5) f \u(x) - u B \ P 4>(x) dx < 2 * P J Bl } [ F{u,t)u(dt), 

JBx ' ' l-Dl/21 J 1/2 

where <fi(x) = <p(x) A $(|). Indeed, we have 

|||0(x)<0(x)A$(i)<0(x). 
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Hence if (ED holds, then 



— -u^ | p ^(x) cfa; > / |it(x) — it^ | p <^(x) dx 



$(0) ./ 
$(| 
$(0) 

where in the last line we have used Lemma [2j 



^^ 2 ~ P / Hx)-u% 1 \^{x)dx, 



Now we prove ([5]). To simplify the notation, we assume that (f)(x) = $(1) for x G -B1/2, so 
that 4> = (f>. 

Because of ([2]), by subtracting a constant from we may and do assume that u B = 0, 
which means that 



= / u{x)4>{x) dx = I I u(x) dx v{di) = I u Bt \B t \ v{dt). 

J Bi Jl/2 J B t Jl/2 



(6) 

1 1/2 J B t J 1/2 

We start from the integral on the right hand side of (jl]) and use ([31) 
R:= [ F(u,t)v(dt)> [ [ \u(x)-u Bt \ p dxv(dt) 

Jl/2 Jl/2JB t 

= - I I \u(x) — u Bt \ p dx is(dt) + - I I \u(x) — UB t \ P XB t ( x ) v{dt) dx 

2 Jl/2 J B t 2 J Bl Ji/2 

=: h + h 

(In fact I\ = I2, but we treat them differently.) We now deal with the inner integral in I2. 
For x G B1/2 we have 

1 1 rl 



\u(x) - u Bt \ p XB t (x) v{dt) > j— / \u(x) - u Bt \ p \B t \ v(dt). 

1/2 I -oil Jl/2 



Since Jy 2 u Bt \B t \ u(dt) = 0, by Lemma [2] we obtain 



Therefore 



\u(x) - u Bt \ p \B t \ u(dt) > 2- p / \u Bt \ p \B t \ v{dt). 

1/2 Jl/2 



2 -P r rl 



h>^J B J^\u Bt \ p \B t \v(dt)dx= 2| '^p / I /'('//)• 
Using inequality \a\ p + \b\ p > 2 1_p |a + b\ p we obtain 

Il+h>l^j B {\< X )- U B t \ P + ~ |^j /2| |^| P ) dX ^ dt ) 
Z \^l\ J 1/2 J B t 



^T*" 2 * I \u(x)\ p (j)(x)dx 
\Bi\ 



Bi 



and the proof is finished. □ 
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3. Applications 

Let us discuss some corollaries. Corollary [3] is well-known [5], although our class of admissible 
weights is more general. Proposition [4] allows to deduce a weighted Poincare inequality for 
fractional Sobolev norms from an unweighted version. Corollaries and E] give a more 
concrete result for fractional Sobolev norms. The first allows for more general kernels and 
exponents p. Corollary U] improves [21 Theorem 5.1] because the result is robust for s — > 1 — 
and allows for general weights and exponents p. 

Corollary 3. Let p > 1 and be an admissible weight. Consider X = R d equipped with the 
Lebesgue measure and the Euclidean metric. There exists a positive constant C depending 
on p, d and such that 



(7) 



f \u{x) - u Bi \ p <p(x) dx<C f \Vu{x) | p 0(x) dx 

J B 1 '' ' J B 1 



for every u G W 1,p (Bi). 

Proposition 4. Let p > 1 and let be an admissible weight of the form = <&(p(-,xo)). 
Assume that for some kernel k : B\ x B x — > [0, oo) and some positive constant C the following 
inequality holds 

(8) / \u(x) — UB r \ p dx < C / / \u(x) — u(y)\ p k(x, y) dydx, 

J Bf J Bj- J Bf 

whenever r G (|, 1] and u G L P (X). Then with M = 

(9) / \u{x)-u 4 ' B [ P 4>{x)dx<CM [ [ \u(x) - u{y)\ p k{x,y){(j){y) A<f>(x))dydx 

JBx ' JBxJ Bi 

forue L p (X). 

Corollary 5. Let be an admissible weight of the form = $(p(-,cco)) and p > 1. Let 
k : Bi x B\ — > [0, oo) be a kernel satisfying k > c for some constant c > 0. There is a 
positive constant M depending on d,p and $ such that for u G L P (X) 

(10) f \u(x) — u Bi | p 0(x) dx < — f f \u(x) — u(y)\ p k(x, y)((f>(y) A <fi{x)) dydx 

J Bx 1 c JBxJBx 

forue L p (X). 

Corollary 6. Let p > 1, r > 1 and < sq < s < 1. Consider X = R d equipped with 
the Lebesgue measure and the Euclidean metric. Let be an admissible weight of the form 
= $(| • |). Then there exists a positive constant C depending on p, d, s and $ such that 

(11) 

/ \u(x)-u Bi \ p cP(x)dx<C(l-s)r p ^ [ [ " X { |,- y |<i } (0(y) A0(x)) dydx 

Jbi jbxJbx \x — y\ ' 

for allue Lp(Bx). 

Proof of Corollary 0. It is well-known that the following Poincare inequality holds 
(12) ( \u(x) - u Br \ p dx < c r p f \Vu{x)\ p dx 

J Br J Br 
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for every u G W 1,p (B r ) and r > where c > depends on p and d. Set 

F(u,r) = cr p I \Vu(x)\ p dx, 

J J3 r 

for u G W 1,p (Bi) and F(u, r) = oo otherwise. Then for u G Jy 1,p (-Bi) 

F(u,t)u(dt) = c [ t p [ \\7u(x)\ P XB t {x)dxv(dt) 
1/2 A/a ^Si 

< c / \Vu(x)\ p f XB t (x) v{dt) dx = c [ \\7u{x)\ p (j)(x)dx. 

Jbx Jl/2 Jbx 

By Theorem [T] the assertion follows with C = 2 3p+d ^^ c. □ 

Proof of Proposition ^ Let 

F(u,r) = C / / \u(x) — u{y)\ p k(x, y) dydx. 

Then 

/ F(u,t)u(dt) = C / / \u(x) - u(y)\ p k(x,y)xBt(y)XB t (x) dydxu(dt) 

Jl/2 Jl/2 J Br J Bi 

= C / \u(x) - u(y)\ p k(x,y) XB t (y)XB t (x) v(dt) dy dx 

J B\J B\ Jl/2 



= C / \u(x) — u(y)\ p k(x, y)((p(y) A (f>(x)) dydx. 

JB\J Bi 

The assertion now follows from Theorem [TJ □ 
Lemma 7. Let r > 1, p > 1 and < s < 1. TTten 

/or a// u G LP(Bi). 

Proof. Let n be a natural number such that n > 2r > n — 1. We introduce 

A fc = A fc (x, y) = + ^x, k = 0, 1, . . .n. 

Then 

I= f f \<*)-«v)\' dydx= f f \Yl--MA^)-u(A t) w iydx 



, B 1 JB 1 

n 



k=l 



x-y\ d+ps J Bl J Bl \x-y\ d + ps 

u(A k ^) - u(A k )\ p 
x - y\ l 



Note that — v4 fc | = — y|. If we substitute x = y = A k , then dy dx = n d dydx 

(which follows by an elementary calculation, see also [31 page 570]). Moreover, x , y G B\ 
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with \x — v\ < - < -. Hence 

I »l — n — r 

T ^ p-ps f f MS. - u (y)\ p A ~ A ~ 

Since n < 2r + 1 < 3r, the assertion follows. □ 

Proof of Corollary TJ. First we use a well-known argument to obtain a nonweighted Poincare 
inequality. By the convexity of the function x h-> \x\ p it holds |a + 6| p > |a| p + 6p|a| p_1 sgn(a). 
Thus 

/ \u(x) - u(y)\ p k(x,y)dydx > c / \(u(x) - u Br ) + {u Br - u(y))\ p dydx 

By- J Bf J Br J Br 



> c\B r \ / \u(x) — ub t \ p dx 

J B r 

>c\Bi/ 2 \ j \u(x) - u Br \ p dx, 

J B r 



whenever u G L p (B r ) and | < r < 1. 

The assertion follows now from Proposition HI □ 

Proof of Corollary® From [3] and [U page 80] we know that there exists a constant C = 
C(p, d, so), such that for so < s < 1 

(14) f \u{x)-u Br \ p dx<C{l-s)r ps [ [ M x) -"M} P dydx, 

JB r J B r J B r F ~~ V\ 

for all u G L p (Bi). The assertion follows now from (114D . Proposition H] and Lemma [71 □ 
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